
!.”’.
1

Robot Motion Planning among Moving  Obstacles

1’solo Fiorini” arid Zvi Sllillcri

* Jet Propulsion I,al)ora.tory
Califorliin IIlstitui.c of T’ccl)liology
Pasadena. CA 91109  lJSA

i ])c])w’i.1111.’IIl  d Mccl)arlicd. ~llC](’ZLl’ ZLII(] AcI’os])acc  ~ll~ill{’C’1’illg

Uliivmsiiy of Califor})ia.  Ims  A ngclm
I,os Angeles. CA 90024 TJSA

Al)s t r -net

TIIis  llaIlcr presents an On-]irlr  nlc!t}]od for c’c)JJ,J)uiil~g t]lc Inoiioll of a 1 oi)ot in [I (]yl]amic  cnviron]])c J)i

sul)ject 1.0 I}lc rx)t)d (Iynamics :Ln(l iis aci.ua.i.or  colisiraillls. T h i s  IIIctlIo(l  is l)a.scd 011 ilIe coIIc.q)i of

Velociiy  Ol)st.aclc illai ddillcs Illc sci. of rol)oi vclociiics illFLi. would msllli. ill a  c o l l i s i o n  l)ctwccn Ilic
J’ob Oi. an(l Ml Ot)S{,MIC  Iooving  al a  ~iVCJ) vdocit,v. TIIC avOidaJlcc  IIIallcuvcl zLi  a sl)ccific Iilnc is i}ios
Conlpuid })y  scld.ing J’O~)oi.”S vclocii.ics  OIJi  of tllai Sd. TIIc sci. of all avoi(lins vclociiim is rwlocml 10
I.llc (lyllanlically fcasil)lc lnan(wvcrs l)y considcri]l~  Iltc rol)ol “s accclcralioll COll S{l’;Lilli.S.  This  C(lIl11311t~LtioIl

i s  rc])cai.c(l al rcgul:Lr Iilnc ini.mvals 10 ,accouni  for grIIcral ol)sizLclc  iJ’[Lj(’Ct.ol’iCS.

Tl)c trajectory ConSisi.s  of a. sC’CIIICYICC o f  :Lvoi(]aJlcc  m: Lncovcr’s  i]Iai arc mnll)llic(] ai,  discrdc’ iimc
inicrwds  Using i]lc coJlccl)i  o f  Vdocit,y (Jl)siaclc.  i.C. scleCtiJ)g  i.]l OSc VCIOCil  i c s  i]I:Li :Lvoi(]  fllilll’c CO]]i  SiOIIS

,Tn(] saiisf,y I.l)c (I,yn:mlic  coltdrailll.  s. Tltc Ir:)jcclory from St art 10 ~oal  is IIICII composd  1).y searching Illc
ircc of i!llc avoid alicc Ill  FLl)COVCJ’S. A n  Cxllausiivc sczucll  of I.lIC ircc yic]ds Ilc:i.1’-c)])liJll:L]  ir{(.jcck)rics I]lai,

eitllcr minimize  dist.m cc or lnoi.ioli  I.imc. For  oll-iimc zq)l)lical,iol)s.  a IIculislic scare]] of Illc ircc fll:Li

SCICCiS  OIIC WOidWICC  Jl)~IICUVCJ’  [It, C:IC}I  iiIllC iJli,  CJ”Vd iS J)l’O~)OSCd  i.() Si)iiSfy  :1 ]Mi O1’ii.i7C(]  ]iSi O f  Ohj CCiiVCS.

sllcll  as  rca.cllillg  illc ~d or lnaxinlizill:g  S1)CC(I.
A  (Iyl)anlic ol)lilnizalion i s  u s e d  to vcr’ify I])c qudiiy of  i]IC  lr:I.~cclory COJIII)UIC(]  l)Y llIr.’  ])curisiic

scarcl I. 11, u s e s  ilIc i.r[Ijcd.ory :Ls its i n i t i a l  ~ocss. ~clilnillalcm I.llc Cfrcds  of t.llc iimc (Iiscrciizz(,iic) ll. zui(l

n)illinlizcs  lnoiiol) iimc. sul)jccl 10 illc dynamics  of  Illc rol)oi..  its aciuator lillliis aJI(l  ilIc staic incqudii,y
COll  St, Y~Lillt,  S (] IJ(7  i,O i,]l C 111 OVi J)g Ot)St, ~LCICS. T h i s  sic~) cslal)lihllcs a cril.crion  for cvaluali])~ Illc })crforlnallcc
of ol)-line })lanllil)~  n)cll]ods for d.yr(arnic  eltvirolllncllis.

TIlis ap])roacl] is (Icn)c)llsir:lic(l  for ])lwlni])g  tllc irajcct.ory of ZLII  autoln:Lic(l  vclliclc  ill m Iniclli~cni
Vcllic]c  Hi#)way Sysi.cIo  scenario.

1. lni,rodlldic)n

TI)is  l)q)cr arl(lrcsscs If]c  prol)lcm o f  moi.ioll  l)larlnillf,  in  dy)amic Cllvil’olllllclli.s.  Tyl)ical cxml~)lcs
o f  d~IIMDiC (211  Vi~Ollnl C! Ilt.S ilIC]U(]C  lnmufact,urin~  iasks ill W]li  C~l r’ol)c)i.  lll[l.lli]  ltl];LiC)l’S ir’ack  :LIId  rciricvc
})a,rl,s fronl n)ovillg c o n v e y e r s .  alI(i  air. ma. alI(l  lal Id iraffIC,  where aircl:Lf~.,  vessels altd vcl}iclcs  avc)id cm.cll
oi,lIcl’ wllilc moving  i< OW:Lr(l  S Iflllcir dcst.ills.i.ion.

Moiiol) l)lar~l)il)g ill d y n a m i c  cnvirmnlnmlis is consi(lcral)]y ~norc difliculi  ilian I1)C wi(lcly siu(lic(l
sl,ai,ic  ~)rol)lcnl.  s i n c e  ii rcquil’cs  ille [+illlllli:(rlc(l(ls s o l u t i o n  o f  Iltc J):LI]I l)larlnil)~  a,II(l of i.l Ic vclociiy

})kLrlIliJlg  prol)lc!nls. ~)~.i.]l  ])]~llllill~ il)vdvcs i.]lc C(lll)])Oi[ll  ion o f  ~1 co]lisi(lll  fl”(’c ])d)l fl’{)nl si;L1’t  i.{) ~o;ll

wiilhoui consi(lcring  rol)oi dylla~nics. ~lc](,cit,~ J)l{Lnnil)~.  01) i,]l(’  Ot ]IC]’  ]1~.11(].  i]lv(lh(’s illc co~))])~]i{lfiol)”  of

iltc v e l o c i t y  prdilc alon~ a give]] })aifl. sailisfyillf:  s,ysl.cm (l,vllamics  mt(l :Lcl O:ltor COl)Sil’:Lil)i.s.  1]) il(ldiiiO1l.
moii(m ])lal)nill~ i n  sl.ai.ic Cnviro]lnlcwl.s  cm I)C gLIMMli.CC(]  1.0 filt(l a sollliiol] i f  one  cxisi.s  al Iimc if,.
wl)crca.s  looiion l)lallllill~ ill (Iyllamic cnvirolllncllts is csscl)i.ially  i~liraci.al)]c.  [3(3]. [9]. i.e. Illc solul.ioll  ;lI
to mny  nd cxisl al a I:LICJ  i.imc I)ccause o f  ilIc cvolotion  of Ilte Clivirollrllcllt.

P r e v i o u s  mci.llo(ls  colisisic(l o f  a gra.])11 sc[LrclI i n  a ],osiiion iimc collfi~ur;LiioIl slmcc o f  IIIC  rol)c)i.

[ 1 2 . ]  3 ] ,  ~Jl(]  cl)ccking for inicrscdion Ofi]IC  swcpi VO]Un)CS of  t],c Iolml a,,(]  (,l)sti(cl~s  i]) a ~:Lrtcsial,-til]]c
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R}HLCC  [5- 8]. Vclocii.y  collst.  raints were  considcrd  in [35] f(lr Illc Solulioll  of tllc :Lsilcroid l)roldcnl. all(l
a.cdcr[at. ion consi.  r<ains wcm s.atisfld in [1 0] and ill [33] for  IJa.ll))illr,  for a ~)oilll,  TII:LSS.

AIJI~Ioxinlaic  dyIlan]ic  conslrailli,s w e r e  satisfid ill [2t\.24] l)y dcconl~)osill~  I.I]c l~lal]llill~  prol)lcm
irlt.o Imlll :L1)(I  Vdocii.y  pla.nrlin~:  arlfl Iy lilnitling  slol)c.  (ii] cCilio~l :Lrl(~ C~lr~~llor~ of tll~ lr:lj~~lol.y  ill :1
I)osilioll-till)c  }ll;Ll)c. Dyn;Llnic  col]sirail)ils were used ill [1 9.?()] 10  ddillc {}1(’  collision front, and in [1 7.1 8]
ic) illtrodocc t.l)c collcc~)t  of Ilransicnt ol)st.dcs, :Llso a~)plicai)lc  10 dynaroic ellvilc)lllllcllis.

To  d:Llc.  o n - l i n e  dyllanic l)l:Lllnin~ ll:Ls I)ccn  Irmtcd I)y cnlpll:Lsi7i11~ J c:m]llili~ ZLI)(I  dccisioll nl:Lkirl~
[36], or I)y crcaiil)g artificial ~)ol.clllid  fields :Lrc)ol)d Illc ol,slaclcs [2 b].

Tllc iill)c-()~)iixll[cl  rnoiic)n  })lar)x)il)g  ])rol)lclo  i n  static cll\’ir’ol)lncIltS }Ias I)ec’11  trcalc(l l)reviously usil)g

~MLIamelcr  opiiyrlimt.iolls: rcprmcniil)g ilIc l.r;Ljcciory :Ls a IJolyllonlial  ill Iinlc and a.ccountillg for Ot)siaclcs
usil)g a, ])cnali,y ful)ciion  [ 2 2 ] .  alId rcprvsmd.in~ Il)c l):LI.1]  1).y t( cul)ic  s~dil)c [38]. [1] .  colnJ~ulill~  IIJC lnoiior)
t i m e  alm]g  I.ltc path will] m] dXcicni  mcil]od  (Icwclol)cd  i]) [1] and ill [39]. Tilnc oI)tiIl):Ll lnolion l~l;L~illil),q
o f  coopmatin~  rol)ots movi~lg  :Llong s~~ccific(l pall)s l):Ls t)ccll  stu(licd irl [’27]. [39].

In tl]is lmpcr.  WC dcvclo]~ m diicicni mctllod for  conll)llllinx  tllc tlajcciorics of a ro])ot nlovi~]~ i n  a

lirnc-v:Lr.yiltg  cnvironn]cl]t. 11. utilizes tl)c col)cc~)t  of Vclociiy  O})si. aclc  (VO). wllicll  rq)rcscnis Illc rol)ot”s
VC]OCil,iCS t.]lai would LYLUSC  a  Collisioll will] a n  ollstFLc]c  zLt.  M)nlL’  fllt Ul”c iilllc. AI I Woi(]a,llcc  IIIUICUVL’I  i s
conl J)utcd 1).y sclecljillg  velocities Il):d arc outside of tllc vclo{”it,y olmiz Lclc. ‘1’0 Cllsure  tlla.t  tllc ]na.rlcuvcr  is
dyIlamict L1l.y fc~Lsil)lc.  L’ol)ot (lyn:Lnlics  and tLCtUal)C)l  Collsttraillis  are IIIZ1])J)C(I  il]l o Il]c roljoi vc]ocity sl):Lcc.
A  t.ra.jcci.ory  c o n s i s t s  of a SCCIUCIICC  of SLICII avoidal)cc  maII(wvcrs.  ccImI~ut(vl  t)y  sciLld)il)~ o v e r  a irec o f

a.voidmcc  m<ancuvms  pplcraicd at discrci.  c I.i]nc iui,crvals. F o r  omlirlc  ;\I~})lic;Lii{)lls.  i.l)e Ircc is ~)rLInul

usil]~ a llcLlrisiic searclI (Icsifycxl 10 acllicvc a priorit.izcd SCI. o f  ol)jcciiwh, SIICl I :I,s avoi(lillg co]lisiol]s.

,Ycacllillg  Illc god. nlaximizil)g  S1)IX(I. or coln])uiing  irajccioric% will]  dcsilal)le  to])oloxy.
~’]Ic So]uiic)lls COlll])Llk’(]  wit])  t.},is rncil,od arc COIISCI  vat.ivc. sil,cc i  ]Iq’ CXCIU(lC Ir:ljec{.or’ics i]Iai,

df]l  OLlg]l fC:lSil)]C.  illc]udc aVOi(]:Lll Cc rLlaJICUVC1’S  Vi CJ]ZLtill~ t]l(’ Velocity  Ol)Siil.(’]C. ~’o C’V:LlllatC  1,1 IC C] Lldit..y  o f

Illtcse irajccl.orics, I.llcy arc conl~)zud  1.0 I.llc Irajcciorics col Ilpolc(l  usillf;  ;) (Iyllall]ic c)})t.ill)i~,ztii[~ll. wl]icll
(arc Ilot. I)oulld l)y t!llc vclocit.y  Ol)si!ac]c ;LplWOd. T h e  o~)iinlizaiioll  usd llCIC is :L slcq)cst dcscmlt  [3].

[ 1  1 ] .  modific{l  to i*)clo(lc  I(lIC si:ltc-(lc],c*)( leIli illcqua]ity consirainis doc 1.0 tlIc nlovi*,~  olxi.aclcs.  TIIc
illitlial  fycss of Illc Crpt,  inlizat.ion  is tJic  Irajcd.ory p)cnerat,c(l  l)y tllc srarcll over  tl)c marIcuvcr  Imc.

TIIL’ {L(lvwllagcs o f  this a]q)r’oadl  :Lrc Inulii-fo](l:  i) ii ]]cmii.s w] cfliciclli .gm)lllclric  le])lcscrli.:ltiol)
of ])cd.clltlizd  avoidal]cc  maneuvers of t.llc moving ol)st. aclcs, ii) :Lll~ lIIIIII1)CI” O f  ll)OVillg  OllSt.  il. C]L?S  C~ll  l)C’

.avoi(lc(] Irj collsidcri  I)~ I,llc ullloll  of Illlcir VO”s.  7:7:71) it, u]liflcs  I.llc ;Lvoidt  Lllcc of ]Ilovillg  {Ls well :Ls st, a.t. ioll:Lry
ol)stac]cs.  all(l  iv) it :LI1OWS  for’ 111(’ simple considmailioll of 1 01)01  (Iyllarllics  [L!)(I  [Lctu:Llol collsllrailli, s.

This Impcr is or~.wlixcd  as follows. Scciioll 2 (Idil]cs Iltc Vclociiy OIJsllLclc. illc axwid;Lllcc  vclocilics.
arid  dcscril)cs Illc lel)rcserlt.:Llioll  osd to Coml)uic  i.lIc ir:,jcci.orics. Sccl ioli 3  (lcscril)cs ilIc (Iyl)arnic

ol)t.imizat.ion  used  1.0 compoic t.hc time o p t i m a l  trajcdol its. lkarn~,lm of  trajcciolicw. :LII(I o f  tllcir

corrml)olldill~ tilnc Ol)iilna]  solut.iol]s  arx’ prmcnt.ml  ill Scciion 4 .

2. The Velocity OIA,acle

Tl)c Veloci ty  Ohst, acle (VO) is an extension of t.lle ~onfi~Llraiioll  Slmcc  Ol)shclc [30] to a tin~c-
v:Lryin~ Clwirollnlcnt. Ii consisi.s  of Illc velocii.ics  of ihc rol)ol i.llal will caLlw a collisiol)  l)dWC’Cll illc 1’01)01
.11)(] t,]l C ObSt. ZC]CS cII, SO1ll  C  fllt.111’C’  t,illl C. A]t])ougl]  t,lli S COll CCpt, iS Vdi(] fO1’ gcIIC1’:L]  rol)ol, s {Lll(]  oI)s{,:Lc]  c%.

in  Illis ]); L])cl WC  rwsirict oLlr mlalysis 1.0 c i rcular  rol)ois a.l)d O~)SiZLCICS  in ilIc I)l:LIIe.

In l.llis section wc first define llIC VO collccpt,  and Illcll we conl})illc  ii< will)  tllc (lyll:Lnlic  constr;Linl.s
o f  tllc rol)ot,  to conl})ui.c  avoidallcx vclocilics II1l;LI are a l s o  dynalnic[Llly  fe&$ilJlc. Tllc corrcs~)oll(lillg

wmi(lalicc n].ancovcrs arc Llscd 1,0 I)uild  ;L tlrcc  that re])rcscl Ii. s, wit.l tin tllc f;ivcll t.c~npord Ksolutlio)l.  zLll
tlIc avoidance Irajectarics ~Cn Crat.d to satisfy Illc constlrailll,s  I’V])r’csclltw]  Iry t lIc vclociiy o})shclcs.

2 . 1 .  D e f i n i t i o n  of Velocity Obst. acle
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17igllrc 3: Tllc vc]ocity ol)sla.c]c  VO.

2.2. ‘J’he Avoiclance Maneuvers

‘-4’
‘El,

F’i~\llc  4: Tl)c rcacll:LIJc  mwidallcc  vclociiics.

‘1

TIIC vclc)ci{icw rcacl)al)le by rol)ot A al, a  ~ivc]l staic OVCI a  givc~l  ti][ic i]Ac]d At arc COII1]JUIC(I i)y
i.r{LllsforIoill~  t.llc dyllalllic collsl.rzLilli.s of ihc lolmi.  il)lo  1)0(111(1s  011 ils :Lccclcra,tiol].  ‘3’l]c sd o f  fcosiblc
mXclcr(d;o?Lt$  d. i,imc  in. J’A (fo). is de f ined  :LS;

I;’A(f.”)  =  { x  lx = j(x, i. u). 11 E u) (4)

W]ICU?  j(x,  ~. II) I’C])K!SCIIIS  I,]Ic  (lyIlamics Of ih l’oboi. 11 m IIIC :LCtU:LiO1’ d~ol”k.  IJ is tllc *CI of ~~(lInissilllc
co~)trols,  all(l  x  i s  Il)c ~~osition vccl.or  dcfillc(l  c:Lrlicl. Noic llIZLI  I.llr fcasil)]c  :Iccclcl’:ll.  iol]  l’allgc o f  :1 two

(Icglcc-of-fl’ec(  lolll sysicm will]  dccou])ld  aci.u:Li.or limits is :L l):LI’:Lll  ClOgl alrl [37].
TIIC sd of wochablr  vclociiics. ]W(f.o + Af). o v e r  I1)C Iilnc illicrva] AI is I ]lus (Icfi]lc(l  ils:

I{v(t.  +- Af) = {V [V := V,4(f.”) :) At. J’A(/,,)} (5)

TIIc sci. of rcochoblc  a.voihncc vdociiics. R A17.  i s  dcfi II(XI :LS lIIC  (lif[’clc~lcc  I) CIWCC]I  l]IC rc:I.c]Ial)lc

veloci t ies  :LII(I tJIc vclocii,y  o})sl:Lclc:

RAV(tO -1 Af) = I{V(f.O -I A I.) ~ Vfj(fo) (6)

wl)cre o (Imlotcs il)c opera.tiol) of sd (Iiffcmlcc. A mamcwvcr  avoi(iilt.g OI)SI; ICIC l?l is tlIus co]n~)ut.cv] })y
sclcd.ilig  any vdocii,.y  i n  I{,AV.  Figorc 4  S1)OWS  scllcn)a.tticzLlly l]tc rcacl]al)]c vclocit,y  SCI RAV  consisiin~

o f  t w o  (Iisjoillt dosc(l sells. Sf ml(l S,. For mdiip]c ot)siac]rs. I1lc’ lt.AV II IiLj’ co]lsisi,  of ]I]u]iil)]c’ disjoi]ll.
Sul)scl,s.

2.3. Computing the avoidancw  trajec%mies

TIIC Irzjccl.ory that a v o i d s  si.:ltic  aJId moving olmtaclw.  NaclIcs tlIc  ~,()~1]. and  satlisfics I,llc rol)otl’s
dynamic conslr:Lillt)s  is computd  <as a discrct, c scqucncc  o f  clcmc I]t.}Lry avoidmlcc nlal)cuvcrs$ sclccl.  cd
lry a glold  scarcli o v e r  tltc Ircc o f  dl fcasildc ~na~)cuvcrs  :lt spccific(]  Iil])c  ild.crvtLls. Alicrnaiivc]y.  tlic
glold  scarcl) may he rc(lucc(]  10 a IImlrisiic sc;Lrch for  oll-lillc  :L1)plica.tions. wl]crc Il)c tr{Ljcct.ories  of the
nlovill~  ol)st.ac]cs  arc hoi. know I) a- J)riori.  l)llt :Lrc r;Lt}Ic I’ acquired in I’ca-til]]c. ~’])CSC IWO ;L~)~)rO[l.ChCS  :L1’C

(liscussc(l ]Icxi.

2 . 3 . 1 .  Glol)al Search

WC lC]lI’CSCld lllC Shl{c S~)[I.CC  Of tllC l’O~)Oi. by ;I tI’CC Of aVoid{l.IICC lIl~lllCllVC1’S  ~lt (liSC1’Ck iiIll(’  illfC1’V<LIS.
TIIe 7L0/kS  011 i]lis tree CO1l’CS])O1)(]  io I]IC  ])osiiiolm  O f  ill(’ ro~)ot  :Lf (]is(’1’ci.c  iilncs f.;. TIIC  Opmwtors

f? X]l~Jl(]iIlg  :1 lIO(]C ~{ tilfl(’ f,~ illl.O  it.S  S O  CCCSSOI’S :L1. f.illl C f.~+ j =  f.; ~ T :L1’C  f]l C V1’]OCii.iCS  i l l  {]IC  l“CAC]I;  L1)]C



IVgurc  5: I{cl)lcsellt.:1.i.ic)ll for  glolm]  scarcll.

TIIC scarcll Ilrcc is lIICII  dcfinc(l  M follows:

1)’ i,:; = {xi+:j = (rj(fi). ?/j(/i)). ‘i,, = (~)j,r(fi).  lJ.i,?/(fi))} (7)

o~ j,/ z {v] [V, E IiAV:j(/.i)} (8)

c:;, J; == {(?~.i,j.  ~i.l ,,1, ) I ~ii+ ,,1 = ?Ii,:j + (oi,j,/  A~)} (9)

Wll CrC 7~i,j if II}C jil] ]]o(Ic at I.imc t.;. RAVj(ti) is IIIC rcacli; (l)lc vclocit~  Wt COIII])UIC(I  for ~lo(lc ~i, j. oi,:j,l
i s  illlc 11.1)  o~)craior 011 IIotlc  j al, i.imc f.i. ~11(1  ~j,); is t}lc ~(l?,(’ ~) CtWCCIl 11(,(1(’  ?/:j  ;Lt iilll(’ f;. all(]  IIO(]C 7?), {l{

t i m e  f.~.l  I.

TIIC  ircc of all fcasildc avoi(lance n]w}cwvers  is COIISirUCiCd  as follows.  A t  time L. Illc avoidzncc sd

RAV.  corrcsl~ondillg  i.o nc)dc 77.;,:;. is (Iiscrciizd by a ~rid.  ‘J’JIcv].  IIIC vclocii  ies  corwspo]ldin~ i.o C:LCII  IIodc
on  I*11C grid arc USC(1  10  Conlpuilc  Illc dfp ClntLllaiillg  fl’olll node “ni,.~’lIc ],osilioI)s  maclIc{l  Iy lJIc  rol)ot

~t i<ll C Cll(l Of C:LCII  Ill~IICUVCl  [MY ill Q SUCCCssO1’s  of nO(l(’ ‘ni,, j. A  J)O(IC ?/i,j is  ~olt)~)l~t~l~  CX})~III(lC(l  WIICII

all ll)c O])crai.ol’s ();,:j,) ll~VC I)CCII  a]~])licd :Llld all illC Cd~Cs (Jlmmtllills  fro~ll 7ti,,/ ll:~v~ 1)~~11  cx~llllincd.  ~lJ~
rcsuliirlx I.rce lla.s a  Collsl.alli, iilnc interval I)ciwccll  no(lcs.  a Varial)lc  IJI’:LIICII  IIull)})cr Illat i s  a functiol~
o f  IIIC slIa.]>c of caclI  1{.AV. tLn(l it can })c  scarcllc(l  usill~ hi, Cal I(lar(l lcclll Jiqucs [ 3 4 . 3 2 ] .  l~i~ure 5 s n o w s

SC]ll?Ill  ZLi, iC:L1l.y  :1. SUl)t,l’Cc  Of S(]lllc’  {1.VOid:MICC  )II:LII  CUV(’rs.

SillCC’ i]l C ~VOid~llCC  II1:LIICUVC!M ZLW  SC] CCtCd ~):  LSC(]  011  tll~ VdOCii~ Oi)Si:l.C]C’S  ~z~].  i]lC~ :11’(’  II CVC’I’  011 :1

cc)llisioll course with  airy  of tlIc collsiderc(l olmi:Lclcs.  :Ls dis(. usscd  earlier. ‘1’l)is Cxcludcs  i.r:Ljcci.orics  Ills.1
nli~ld..  l):Lril  of ill f.’ Iimc. IJC on a collisio]l  course wit.11 some of lhc olml. zLclcs. Ilowmcl,  such  Ira.jeci.orics  ]nay
})C ~Cllcralc(l I)y cii.l)cr Considcrilt.g  Only Ol)sidcs  Wit$ll inll!linclli  collisinlls. 01 I)y refilling Illc Irajcciory
usin~ a d y n a m i c  oJ)i.illliz:liiolt.  as (Iiscusscd lal.cr in Sccl.ioll 3.

2 . 3 . 2 .  Helmistic Seardl
For ol)-line a])plica.i.ions.  or wl)cn  only illcomplcilc illforloai.ion  al)oul  111P clwimllnlc~lt  is availal)le.  tllr

mmtcuvcr tlrcc  can I)c consiruci.ml  illcrcmcnilally  usin~ hcuriSi)ic  rules  dcsi~lle(l  10 s: Liisfy tllc prioriiizd
sd of gods cn]l)mldcd in Ille for]nulzLiion  of Illc ve loc i ty  ol)silac]c. T]IC SU1’ViV:L]  O f  illC l’Oi)Oi  CILII be

guarani.ux] I)y  sc]cci,in~  IIIC  avoi(];Lncc  vdocit.ics ]{ A V ;  t]lc I.&r$ct C:LII  i)c W: LCI]CXI })y srlcci.illg  vdocii,ics
I.list ])oini towzmls 1.l)C  (Icsiinaiiml; Ilte moiion ti~nc  cm I)C millilnizcd I)y c}loosill~  I.lle lligllcsi.  v e l o c i t y
awtila.l)le;  ar]d  I.llc desired Irajcctory silruciurc c a n  bc sc’lccicd  Iry clloosill~  w) a~)l)roJ)riatc  scqucnm o f
front,  nlld  rear avoidan cc lnwIcuvcrs [1 4].

we I,l)us })mJ)ose  illc followi]lg  ljtLsic ltcurisiics: (a) ‘N (1.0 god). Clloosr tl)c IIigl)csi  amji(laltcc  vclociiy
along I$l]r lillc 1.0 il)c ,qoal. .as Sllowll ill Fi~urc 6-:L; (b] h4V (*naxinlu,n  vc]ocity).  select ille *naxinlunl
avoid: Lncc  vdocii.y  wiilllin  some sl~ccific(l  allfjc cr from I,llc Ii ]Ic 1.0 111 C :( I:LI. {Is SIIOWII ill I~i~urc  f~-1). (.)il]cr
ltmrisiics may conll)ilie tile a.})ovc Siralcgics ill Or(lcr to I)cl icr s a t i s f y  Illc l)rioriiizml  ~o:Lls.
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3. TIIe Dynamic  Optimization

Tile ira.jcciory  Conlplli.cd  Ily illC IIcurislic SCill’Cll  is CVtLIUdCd CIff-lillC I)y :1 (Iylmlic o~]tillli~:liic]ll.
TI]is o]>i.i][~iy,a.ii{j~l is formlula. t.d usi]l~  Mayer  IIoimtion  for t.l)c l~crforn]arlcc  iII(lcx .1:

nli~l  .7 . wiil, ,J =: t.f : ~,(x(tj).fj) ( l o )
*J(f)Eu

,.
Slll)Jd. b t,]l C’ fO]]OWlll~  kl]lcmliLi,rc and  (]ymrmc  cO]lst,  ]’:Lilli,s:

[]) r(qfo),fo)  ~: o (2) O(x(tf)o ff) = O ( 3 )  Q’: u [$’i(x(t). f) = [)] (11)
i= 1

(4) x = Y-(X.11) = f(x) -t g(x)ll ([)) LJ =  {11 I w~(?Iii?~)  < t~, < 7/i(~~/fl.c)} ( 1 2 )

wlicrc (1 ) is Iflc  inilid nlanifol(l. (2)  is tfIc fCI’Illilli L] Ioa,nifold.  (3)  rcIJrcsel  Ils tl)c ii]nc-v;Lryi]lg  ol)staclw.

( 4 )  i s  illc 101,01  {Iyllalnics.  and (5)  rc~,rcscnl,s  il,c wlnlissil,l<  conlmls.
S1.alC c(~listraillis (Iuc i.o IIIIC }mcscllc’c Of OIRI.X’lC% (11 -3) arc (liffCl”Clliiili C(l  Wiifl I’CSIJCCI 10 Iimc ulitil

tflcy bccolnc cx~dicit. in Illc c o n t r o l s  u. and I.l)cn :if)l)clldcd  as st.atc dcJ)c14(lclJi  Colltro]  corlst.rail)t 1.0 Il)c
JI{lrllili.c)lli:lll [ 4 ] .  [11 ]. !f’Ilc Ilulnl)cr of  {liffclcJttif(ii{)]is  of cac]t  conslYaiItt  M’])rcscnts iftc odcr p o f  llIal

col)siraini. TI)is af)})roaclI  rx?quircs :LII  ad(lilional ilallgcncy  c(~nstlrai~li al t 11(- cld.r,y ~)oillt of Iflc  constrail]cd
arc [40]. T]lis may over-cmlsirain tllc prol)lcm for Consi. rail lt, s of or(lcJ IIi,gllcr 1]1;11)  two  [21].

For’  Cxilnlplc. ill I.llc C:LSC of a sill~lc  O})st<aclc. Illc Slai.c constraint (113) is l’C@LCC(]  })y  I.llc’ f: Lll~C’llCJ’

colldil.ion. dclloicd VI, arid  l.llc colliro] quality cor(str:Lillt.  dcriolc(l Qfp:

(
S(x(f).f) = o
,S(x(f). f) = o

m] :

s“’-])(+) f)=
‘TIlcn. Iflc aclrnissil)lc  c o n t r o l  d U

u :
{

)/=/, . w? : S@~(X(f),  ~{(fj.  f), o f] < / < t? (13)

o

for  IJIC Opti]nal  Colliro] //*(f)  l)cco~ocs:

u : Un,i,, (x ) <11<  U,,,(, T (x)
(14)

s(~)  (x(f). ‘r)(t). f) =- () f(lr S(x. f) = O

3.1. ‘1’he Nmessary  O}himality  Conditions

T]lc {)l>tillld  Cc)]lh’d 11” (f) ill I]lc illi.C!W{Ll  f.o < f < f-f. Illd ~,c~lcl”;ll CS tllC’ o]){in~d Sdl]ti{)n.  x’ (/.).

lnil]ilnizcs  ,1, all(l  salisfics tllc fixcxl icrminal m:ulifolds r al,d Q, is c-o]n])ul c(I  l)y satisfyill~ Illc ncccssary

cm~(litions  of Pent.ryagin Millin~un]  Princi~dc [~]. [2]. [28].
‘TIlc IT~lIllillo]li<lll fullclion H fc]r illis J) I’Ot)lCIIl is dcfiticd as [4] [28]:

H(A. x.u) = A7’(f(x)  + g(xjll) -t PT$O(X.ll). (15)

wllcrc A and II MC VCC1.OM of I~zLxriu]gc  multipliers. ZLIld  W(X.  u) k 1 lIc set of active control  collsi.r:Lini,s al

wllicll  Cxllil)it. ilIc (Iiscolllilluil.y at.  l.l Ic e n t r y  poinl o f  ilIc c(]llstrainl  ~ivcll lIy

(16)

[11]:

(17)

WIICVI IJIC co]]straini (13) is adivc. I!llc l13iIlilllizat.ic)ll  (If tllc ll:lIllillc)llilLIl for ZLTl iLlltOllOlllOllS S_jWt. C!lll

i s  cquivalcnl  1,0 salisfyil]g:
l{;, (A(f) .x*(t). u’(f)) ❑  =  0 10< i < IJ (18)
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(19)

i n  s u m m a r y ,  i]!c Irajccloq’ millirnizillg  I]lc  }JcrforlnalicC  illdcx .] : tf is C}l:ll’:(.ctcl’izc(i  IJY I]!c f o l -

lowing: (i) ii.s controls u“ :Lrc  in I.llc :Ldnlissitdc  set  U .  (ii,) tlIc shlcs Sal isf,y t.llc I.crlnillal mtLllifolds  I_
at to M)(]  !d al. i.j, (’iii,) t}Ic’ c{)-si.a.t,c  Cquaiions al’c (]cscl’it)c(!  t)y ( ]  6 )  011 t]Ic f r e e  :LI”CS ZLII(] t)y  (19)  o n  i.lIc

collsl.raillcd  :Lrcs. wiill a [Iiscc)lli.illllii..y al Illc jullci.ion of illc i.wo givc~l I)y ( 1 7 ) .  and  (iv) Illc ll:lTllili.c)lli:L1l
i s  millilni~cd o v e r  Illc cni.i]c illi.crval.  Tl)csc con(liiions arc s:Liisficfl lp’ i<lic Irajcci.ory coln~)uic(l  }jy I.llc
l]ulncriczLl mcil)od  (Icscril)cd l~cxi [1 4 ] .

3 . 2 .  Numerical  bJllplJt, d>iOll

TIIc  o~d.iln:d trajcdory  i s  com])ulcxl  Itumcricdly  l)y a~~l]clldi~l~; tllc collsiJaints to lhc ])crfollnallcc
illdcx J vid :L])}>lcJ]~li:L1.c :ll’I, a:yS o f _f,agyqII, qc mu]ii])]icrs. W)(] l)Y Com])uiiltp,i  ]Ic corrccliolls  10 I]IC  cc)l)lro]s

l]ld (]YiVC  1.0 ZCV’O  {]1 C (]iffC1’C1ll.iiL]  Of 1]1(2  ZLU~lllCJllC(]  pC1’fOl’lllWICC  ill(l CX d.j [] ‘~]. ~’lliS difrC1’Cl)l.i:L] iS t]l CIl

(Iccive(i  n.s funciion c)f ilIc varia.i.ions ill I})c  coIIirol  swiic})cs.  assumil)g  :L l)nlIp,  -l)alIp, sollliio Il [ 4  1 ]. Sill~ul:Lr

arcs on I.l)c soluiiol] :Lrc  I.l)cll ,ll)l)lc)xilllaic(l  Iry a. filtiic nulnt)cr of swiicllcs gcllcra.t.ill~  a  cl~l;l.si-oJ)ililll[ll
solut.iorl [31].

‘1’Ilc (liffcrcnlizLl of Il]c  au,rynclhcd l)crforlnamcc index is formed I)y col)il)uiing tlic diffcrcnii:Lls  of .).
Q a])d  VI ill{lcl)cll(lc]]ily,  i.l)cn inc.ludin~  illc cffcci.s  o f  V] o n  d.1 aTId df). iIl)(l fil Ian, y Coll]l)illillg  :LII illt, o

d,J. 2’]Ic fiIItL]  form of  I]lc  au~mcnicd pcrformal]cc illdcx is:

(20)

W] ICI’C  I}IC  ~~:Ln~ili.olii[Ln  i s  givcll by ~ =  A~.T  +  lup tLs ill cquaiioIl ( 1  [I);  i]Ic ],zLgr:LIIgc  multil)]icr  A  i s
ddil)cd as AT = AT + PTA: + 77TA; . SinCC  t]l(’  co]lsi.~;li~lk  ~f] MC llOi ;LffCCiC(]  1)~ t]lc si:l{c :Lfi,  Cr /.] ;  :11)(]

?), ~Lll(l  1/ /11’C IWO COll St:ll)i 1,:1.~r:Hl~C Illllli.i})]icrs.
Ilwl~-lmllg  Conlrols  Cal] only  assume Onc of two  v: LluCS  f~~ 01’0,,, W)(I 1 IIc v: Lrialioll  ill u is rcwriiicn

:1.S  i$’11~ = (CIM - {!,,, ) S~~j((i/.;). W1)C!l’C  S’(J?) is i.ll  C si~l)um  fUllCiiOI).

I f  S8,, ill(]i CZliCS i.ll  C nll]lll)Cr  O f  SWiiCll  CS in iI]l C S SC~Ill  C)li  o f  1.]1(’  irtl.jC(”’iol’y  fO]’ tll C ~i]l ill])lli. ZLll(]  ?~

ill(]iczLi.  cs i]Ic IIuml)c I’ o f  c]cmclti.s  in u. t]lcli d,J fol i):LIIg-l)a IIg CO II II’O]S l) CC  OIIICS:

‘J’Ilis (Iiffcrcnlid is rtlinilnizcd  Iry c.l)oosillg  il]c simpcsl dcsccnl i~lcrcnlclli.s  iLs [ 4 ] :

(22)

wii.11 ~)~;  all(l 1 )  l)cil)~ suii.al)lc ])osiiivc V: LIUCS.

TIIc vducs  o f  dt.~j nli(l dff  (lcj)clI(l  o n  lnulii])]icrs 7) alI(l v. TIlcir v; Lll)cs arc compuicd  I)y rcquirill~

t]ltL1. diffel’cniids dg((f,j ) :L1}(] ~]~(ff) l)c rcducc(] })y ,givcll  qlli, Iii.iiies  c ;LII(I  fl. q’]Ic V: L]IICS  fol’  i,]Ic rnu]i,i])]icrs

1/ :111(1 7/ al’c:



9

L w
_—. .-

4 . 1 .  Tlie VO Trajedm-y

T’IIc t.rajcclory  slIown in Figure 8 is co~nputcd using tllc Dc})t.11  Firsf IIcrtliivc Dcc~jcnillg  algoriil)m
[26]. Tl,is al~orilllm returns tl)c f;wtcsi ~Jal}, tot I,C Iargct. il,c firsi  Ii]nc it I cdcllcs  Illc l.m’~cl.  III Ille

cxam~~lc. t.llc I{,AV SC% ]lavc  l)c’cn (]iscI’ct,i7d l)y Considcritlg f o u r  points 011 c’:Lcll side of t.]lc l)oulJd;Ll”y.
and i.l Ic m a x i m u m  fca.sil)lc  Vclocii.y ill 1,1 IC (Iircci. ion 1,0 i.llr ~;ozd. ~])c SC:LI’CII II(LS ~)(’Cll CX1)Wl(]C(i  iO 4.5 S

and <a (lcpiJl of 5 IC!vcls  . 11’lIc ioid Inoiioll iimc of i }lis solution is  of  3.5 s .

IJsing ilIc TG siraie~y rcsulic(l ill il]c irajecioly s}1ow11  in  F igure  9. Al~)]l[i illis ir:ijcciory.  i.llc rol)oi
S]OWS (]OWII ,111(] ]C!i, S VC]IIC]C  2  l):LSS. and ill ICn s~~cc{ls  up i.owiLr(ls ilIc cxii. I)cllill(l  vclliclc  1 .  Tile i.oi.  fLl

Inoiio]t time for illis ilrajcclory is 6.(17 S.
T1lc i.rajcci.or.y  com])LIic(l  miltg l)oi.11 M V  MI(I ~’[; s! latc~ics i s  sllmvli ill Fi~urc 10. Alo]lg  illis

i.rajcctory. i<l IC rol)oi,  firsi s]~ccds  u]) i<CI pass vcliiclc 2, ilIcn  slows dowII i o let vcllic]c  1 ]MLSS  on. tLII(l ilIclI

SJ)CC (IS 11])  a~aiu 1OW:LI’(IS  i!llc ~O:L]. Tllc l~)oiio~l  iill)c for i  ]Iis tI’~lj(’Ciol’~  iS ~.~]  .S. T]liS frZlj(’CiOI’~  W;LS

compuicd l)y usiI)g 1.]Ic M V  ]Icurisiics for fl < f. < 2.{) s aljd ihc ‘T~; ]]cu]’ist ics :Lficrwards.

4.2. TIIe Optimal Trajedory

~igol’c  ] 1 S]IOWS i]lc illitia] Rucss  of i.]lc {)~)iiTlliZ:Lii[)ll,  o~]i.aillc(] ]jy illi C[:I {l{ill~,  i]lc’ l):LIIK-l)a.lIg  conim]s.

TIIC cffccis  of :1.l)])roxilllati~~g ilIc irajcci,ory o f  F i g u r e  10 SI)OW ill IIIC (lifl(lc]it i.crmi~l:Ll  J)osiiiol)  of illc
rol)ot, far from ilIc iargci. :Ln(l ill t.lIc collision wii 11 vclliclc  1. ‘1’Ilis collisio]l  is rcl)rcscllid ill Fi~urc I I

~J_y ihc black nl{Lrks I)ciw(’c]) lime t =  2 . 5 s  a]ld  iiluc t = 3.0s. T])c  Il,mlks  IC}WCSClli ll)c dc’~)i,]l  o f  i.llc’

pcnciratiol] of i.l]c rol]ol illi.o vclliclc 1 .
This i.rajcciory rcscml)lcs t.lIc irajcwiory of Fip,orc  10. lI~Lnlcly  i.lIc iyl)( of IIl:LIIcuvcrs used in aswidillg

i.lIc o}miadcs,  aJId i]Ic iimc of i]Ic a v o i d a n c e  o f  vc]lic]c  i.wo.  al a])]) l’OXilllaiC]y  f = 2.5s. T]lcJi.  using l.]lis
i.rajcci.or.y  as iJIc  in i t ia l  gL]CSS  of tlic (Iyjlamic (j~)i.illliz,:liio~l.  i.lIc o])ii]nal s o l u t i o n  miisfics ilic kiilcvna.i.ic
and dynamic  collsi,raini,s of i.hc ~)rol)lcnl.

Tllc oJ)iinlal solui.ion  is s11ow])  in Figure 12. and ii IJas il)c san]c kcy frai{llcs of ilIc llcorisi,ic ir:Ijcci.ory
of Figure 10. ll)us allowing for a meaningful con~Jm.isojl  I) CIWCCII lIIC irajcclory comIJui.c(l  Iy t.llc llcurisl.ic
sc,arcll  and i.l Ic corrcspoll(lillg opiimal solution. ‘J’Itc nloi. ion iin~c of ilic Opiilnal  ilrajcciory is 4.6 s. wllicll

com]~arcs  favoral)ly  will) ilic moiioll  i.imc  of  iJIc l)curisl.ic s(lluilioIt of  5.31 s .

5. Condllsion

A  ]IOVCI  IIIeilIod for ]Ja~tIlilig ilIc  moi.iol)  o f  [L rol)ot ln(!vi~tg in o iiIt)c-varyillg  clwiro~l~ncni. lIiLs I)CCII

prcscIli.d. 11 is significani]y diffcrcni from c.urrcnl]y availal)l[’  Jllanl~ill~ al~oritl]lns.  sil]ce  ii silllllliiL1lcollsly

conl~)ui.cs  I.llc palrlI alId  vclociily  ]~rofilc I . l i s t  avoid  nll siai.ic :Lnd nl[win~  olIslaclcs aIId sdisfy tllc rol)ol”s
(lyllwnic  consi.  rainils.

TIIc  nlcilIod  coll~isils  of coml)ui.iug. for e v e r y  olwi.:Lclc. ills corrcsl)otl(lillp,  vc]ocii.y  Ol)silac]c. wllicll
i s  i,lic sci, o f  colli(lillg vclocii.ics l) C1.WCC1l  lIIIC O1)S1):ICIC iLll(l t lIC 1’01)01. ~’11(’11. I)y sul)irmi.illg ii flom ilIc

rcrLclIaldc  vc]ociiics of i.lIc rol)oi.. i.l Ic sci of rcadIILl)lc  avoi(l:ll)cc  vclociiies is formml.  wllicll  co]lsisi.s  of :Lll
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Figure 12: OIJiiIllal  solutic))l

forInd I)y  rq)rc’scl)lil)g  I.]Ic sl.:Llc s])acc  of t])c ro~;ot  ~)y a tree of  avoid {Lncc  ma  IIcuv(rs.  A @o}Ial  scxLrclI  o v e r

ilIc Ircc yic]ds Irajccloricw t.])al minimim  a  sc]cdcd  ]) C!l’forJll  MICC”  ill(]cx. SIICl I ;Ls lnotiol)  Iilnc  or t . r a v e l e d

disiwlce. Tl]c s o l u t i o n s  conl~)utc(l  wi th  I.}lis mctllod arc (onscrvative. sillcc cacl) IllalJclll’cr avoids :111

ol)sim]cs. irrc%])cct.ivcly  of I.llcir  cxl)ccicd Collisioll  time. an(l  I.llcy may Cxcludc  t ltLjcciorics fl]ai. :LlllIouglI
fcasitdc. violai.c ilIc velocity olM:Lcle  in some illi.crval. Fol olbli]lc  a])jllicaliol!s. tlIc tree is IJruIIcd  usixjg

o n  c o f  s e v e r a l  l)curisi,ic S1. ratcgics. zLi md at sdisfying a I ~rioritlizcd list of p,o:Lls. sud t :L< 11] c survivzLl
o f  till? robot, rcaclling t.llc i: L1’@.

. . .
WI(1 111111  1111 IZC lnot. ioD t,i]llc. ‘J’IIC qualiiy  of tllc IIcurisiic trajcct.orics

iS CV:Llll  ELt,Cd l)Y COllll)a,l’iIl~  I,lICIII to tile oplin~al  i rZLj  CClori(’s  co~~~)~lid  1)~ (ly]l[l.n~ic {)pti~I~i~,~l~iol~. Tile
mrtllod is  (Iclllc)llsilai.c(l  f o r  ])la.nl)ill~  tllc ir{Ljcctory  o f  ;LI] :Lutomatcd  vcl)iclc  ill ~Ln  l~llc]li~cnl Vel]iclc

ITiglnvay  Sysicm scenario.
TIIe  lnain Mlvantagcs  of Iltc vclocily  Olxsi.ac]c al~]~roacli illclode Il]c  cfliciclli gcolneiric lc~)lcsclltatic)ll

Of nlall~~lv~l’s Woidillg ally II1]II]l)CI’  of Ill OVillg :Lll(]  S[.iItiC  Ol)St~lC]CS. am(l  tlIc siln~jlc co]lsi(lcratio~)  of rol~ot,

dyllaloics :Llld adua, t.or Collstraillt,s.  ~]lis aIJ])roac]I.  t]lcrcfol’c.  ~na.km it l)ohsii)le  io C o m p u t e  Om]illr  safe
all(l  fcasil)lc t,rajcc torim for rol)oi.  s ill (Iyll<amic cnvilolllllcn  is.
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